REPRESENTATIONS OF THE CATEGORY OF MODULES 
OVER POINTED HOPE ALGEBRAS OVER S3 AND §4 



AGUSTIN GARCIA IGLESIAS AND MARTIN MOMBELLI 

Abstract. We classify exact indecomposable module categories over 
the representation category of all non-trivial Hopf algebras with coradi- 
cal §3 and S4. As a byproduct, we compute all its Hopf- Galois extensions 
and we show that these Hopf algebras are cocycle deformations of their 
graded versions. 



1. Introduction 

Given a tensor category C, an exact module category |E01j over C is an 
Abelian category A4 equipped with a biexact functor (g) : C x — )- sub- 
ject to natural associativity and unity axioms, such that for any projective 
object P C and any M £ Ai the object P (8) M is again projective. 

Exact module categories, or representations of C, are very interesting ob- 
jects to consider. They are implicitly present in many areas of mathematics 
and mathematical physics such as subfactor theory |BEKj , affine Hecke alge- 
bras |B0] . extensions of vertex algebras [K0| . |HuKo| . Calabi-Yau algebras 
[Gi] and conformal field theory, see for example [BFRSj . |FS| . |CS1| . [CS2J. 

Module categories have been used in the study of fusion categories |EN01| , 
[ENOlj . and in the theory of (weak) Hopf algebras [01], [HI], M- 

The classification of exact module categories over a fixed finite tensor 
category C has been undertaken by several authors: 

1. When C is the semisimple quotient of C/g(s[2) [KOj . |E02j . 

2. over the tensor categories of representations of finite supergroups 

3. over Rep(L>(G)), D{G) the Drinfeld double of a finite group G [02] . 

4. over the tensor category of representations of the Lusztig's small 
quantum group ^5(5 [2) [Ml| . 

5. and more generally over Rep(i?), where H is a lifting of a quantum 
linear space [M2| . 
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The main goal of this paper is the classification of exact module categories 
over the representation category of any non-trivial (i.e. different from the 
group algebra) finite-dimensional Hopf algebra with coradical kSs or lkS4. 

Finite-dimensional Hopf algebras with coradical Ik§3 or kS4 were classified 
in [AHSj . |GGj . respectively. For all these Hopf algebras the associated 
graded Hopf algebras gr H are of the form ^{X, g)#kS„, n = 3, 4 where X 
is a finite set equipped with a map > : X x X ^ X satisfying certain axioms 
that makes it into a rack and q : X x X ^ is a 2-cocycle. We have the 
following result: 

Let n = 3, 4 and let Ai be an exact indecomposable module category over 
Rep(Q3(X, g)#kS„), then there exist 

• a subgroup F < S„ and a 2-cocycle G k^), 

• a subset Y X invariant under the action of F, 

• a family of scalars {^c} compatible (Definition I7.ip with (F, -0,1^), 

such that M ~ B(y,F,^/).,e)-^' '^^^re S(y, F, ■0,0 is a left !B(X, g)#kS„- 
comodule algebra constructed from data {Y, F,^p,(,). We also show that 
if is a finite-dimensional Hopf algebra with coradical kSs or kS4 then H 
and gr H are cocycle deformations of each other. This implies that there 
is a bijective correspondence between module categories over Rep(ff) and 
Rep{gT H). 

The content of the paper is as follows. In Section [3] we recall the basic 
results on module categories over finite-dimensional Hopf algebras. We recall 
the main result of [M2] that gives an isomorphism between Loewy-graded 
comodule algebras and a semidirect product of a twisted group algebra and 
a homogeneous coideal subalgebra inside the Nichols algebra. In Section [3] 
we show how to distinguish Morita equivariant classes of comodule algebras 
over pointed Hopf algebras. 

In Section [5] we recall the definition of a rack X and a ql-datum Q, and 
how to construct (quadratic approximations to) Nichols algebras ^2{X,q) 
and pointed Hopf algebras T-LiQ) out of them. In particular, we recall a 
presentation of all finite-dimensional Hopf algebras with coradical k§3, k§4. 
In Section [6l we give a classification of connected homogeneous left coideal 
subalgebras of ^2{X,q) and also a presentation by generators an relations. 

In Section [7] we introduce a family of comodule algebras large enough 
to classify module categories. We give an explicit Hopf-biGalois extension 
over ^2iX,q)#kEn, n € N, and a lifting 7i{Q.), proving that there is a bi- 
jective correspondence between module categories over Rep(*B2(^, 9)#kS„) 
and Rep(?^(Q)), n = 3, 4. In particular we obtain that any pointed Hopf 
algebra over S3 or S4 is a cocycle deformation of its associated graded al- 
gebra, a result analogous to a theorem of Masuoka for abelian groups [Ma] . 
Finally, the classification of module categories over Rep(*B2(^, (?)#kS„) is 
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presented in this section and as a consequence ah Hopf-Galois objects over 
5S2(X, g)#lkS„ are described. 

Acknowledgments. We thank N. Andruskiewitsch for suggesting us this 
project and for his comments that improved the presentation of the paper. 

2. Preliminaries and notation 

We shall denote by k an algebraically closed field of characteristic zero. 
The tensor product over the field k will be denoted by (g). All vector spaces, 
algebras and categories will be considered over k. For any algebra A, aM. 
will denote the category of finite-dimensional left ^-modules. 

The symmetric group on n letters is denoted by and by we shall 
denote the conjugacy class of all j-cycles in S„. For any group G, a 2-cocycle 
ij) € Z^(G,k^) and any h ^ G we shall denote %l)^{x,y) = ■ip{h~^xh,h^^yh) 
for all x,y £ G. 

If is a Hopf algebra, a 2-cocycle cr in i7 is a convolution invertible linear 
map a : H X H —^k. such that 

(2.1) cr(x(i),y(i))o-(j;(2)2/(2),2;) = 2(i))cr(x, ^(2)^(2)) 

and a{x, 1) = cr(l, x) = e{x), for every x,y, z G H. The set of 2-cocycles in 
H is denoted by Z'^{H). 

If A is an /f-comodule algebra via \ : A ^ H^A, we shall say that a 
(right) ideal J is i/-costable if A( J) C H^J. We shall say that A is (right) 
i?-simple if there is no nontrivial (right) ideal i?-costable in A. 

li H = ^ H{i) is a coradically graded Hopf algebra we shall say that a left 
coideal subalgebra K C H is homogeneous K = ^ is graded as an 
algebra and, for any n, K{n) C H{n) and A(i^(n)) C ®"^g H {i)®K [n — i) . 
K is said to be connected if /C Pi H{Q) = k. 

li H = !B(y)7^kG, where y is a Yetter-Drinfeld module over G and 
K C. H \s a coideal subalgebra, we shall denote by Stabi^ the biggest 
subgroup of G such that the adjoint action of StabX leaves K invariant. 

If if is a finite-dimensional Hopf algebra then Hq C Hi C • • • C Hm = H 
will denote the coradical filtration. When Hq C if is a Hopf subalgebra then 
the associated graded algebra gi H \s a coradically graded Hopf algebra. If 
{A, A) is a left ii-comodule algebra, the coradical filtration on H induces 
a filtration on A, given by An = X~^{Hn0A). This filtration is called the 
Loewy series on A. 

The associated graded algebra gr A is a left gr iZ-comodule algebra. The 
algebra A is right iZ-simple if and only if gr A is right gr //-simple, see \M.1\ 
Section 4]. 
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3. Representations of tensor categories 

Given C = (C,0,a, 1) a tensor category, a module category over C or 
a representation of C is an Abelian category A4 equipped with an exact 
bifunctor : C x A4 A4 and natural associativity and unit isomorphisms 
mx,Y,M ■■ {X Y) (g) M X (g) {Y (g) M), Im ■ ^ ^ M ^ M satisfying 
natural associativity and unit axioms, see [EUlj . [Ulj . We shall assume, as 
in |E01j . that all module categories have only finitely many isomorphism 
classes of simple objects. 

A module category is indecomposable if it is not equivalent to a direct 
sum of two non trivial module categories. A module category A4 over a 
finite tensor category C is exact [ EOl ] if for any projective P £ C and any 
M € the object Pg)M is again projective in A4. 

If Ai is an exact module category over C then the dual category CJ^, 
see [EOl] . is a finite tensor category. There is a bijective correspondence 
between the set of equivalence classes of exact module categories over C 
and over CJ^, see |EOH Theorem 3.33]. This implies that for any finite- 
dimensional Hopf algebra there is a bijective correspondence between the set 
of equivalence classes of exact module categories over Rep(-ff) and Rep{H*). 

3.1. Module categories over pointed Hopf algebras. We are interested 
in exact indecomposable module categories over the representation category 
of finite-dimensional Hopf algebras. If is a Hopf algebra and A : ^ — > 
H(giA is a left i/-comodule algebra the category ^ M.ji^ is the category of 
finite-dimensional right ^-modules left ff-comodules where the comodule 
structure is a ^-module morphism. If A! is another left i7-comodule algebra 
the category ^M.j^i is defined analogously. 

The category of finite-dimensional left ^-modules is a representation 
of Rep(i?). The action : Rep(i?) x^A^ is given by V®M = V®M 

for ah V € Rep(iJ), M G ^Al. The left ^module structure on V^M is 
given by the coaction A. 

If Ai is an exact indecomposable module over Rep(-ff) then there exists 
a left iif-comodule algebra A right ff-simple with trivial coinvariants such 
that M ~ as modules over Rep(ff) see |AM|, Theorem 3.3]. 

If A, A' are two right //-simple left -fT-comodule algebras such that the 
categories ^A^, yi'A^ are equivalent as representations over Kep{H). Then 
there exists an equivariant Morita context {P,Q,f,g), that is P € 
Q € ^-Mj^i and / : P^aQ ~^ 9 • Q^A'P ~^ such that they are bimod- 
ule isomorphisms. Moreover, it holds that A! — Endy^(P) as comodule alge- 
bras. The comodule structure on Endyi(P) is given by A(T) = T (^_i-^(gT ^q-^, 
where 

(3.1) (a,r(_,i))r(o)(p) = (a,r(p(o))(_i)cS"^(p(_i)))r(p(o))(o), 
for any a G i/*, T € End^(P), p G P. See |AM] for more details. 
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By the previous paragraph, we can see that the categories A4j\, play a 
central role in the theory. The following theorem will be of great use in the 
next section. 

Theorem 3.1. Let H be a Hopf algebra and A a left H-comodule algebra, 
both finite dimensional. 

• [Ski Theorem 3.5] // A is H-simple and M € ^A4_/(, then there 
exists t & N such that M*, the direct sum oft copies of M, is a free 
A-module. 

• \Sk\ Theorem 4.2] M € ^Mj^ is free as A-module if and only if 
there exists a maximal ideal J C A such that M/M ■ J is free as 
A/ J -module. □ 

The first statement of this theorem is actually present in the proof of |Sk[ 
Theorem 3.5]. The second one will be particularly useful when the ideal J 
is such that A/ J = k, since in this case M/M ■ J is automatically free. 

Theorem 3.2. |M2[ Theorem 3.3] Let G be a finite group and let H be a 
finite- dimensional pointed Hopf algebra with coradical tG. Assume there is 
V £ ^yV such that gr H = U = ^{V)#kG. Let A be a left H-comodule 
algebra right H-simple with trivial coinvariants. There exists 

1. a subgroup F Q G, 

2. a 2-cocycle ip £ Z'^{F,k''), 

3. a homogeneous left coideal subalgebra K, = ©[^g/C(i) C !B(y) such 
that /C(l) C y is a kG-subcomodule invariant under the action of F, 

such that gr A — IC^k^F as left U-comodule algebras. □ 

The algebra structure and the left [/-comodule structure of /C#Ik^F is 
given as follows. If x,y G /C, f,g £ F then 

{x#g){y#f) = x{g-y)#i^{g,f)gf, 
K^^g) = {x{i)ifg)(^{x{2)#g), 

where the action of F on K, is the restriction of the action of G on ^{V) as 
an object in ^yD. Observe that F is necessarily a subgroup of Stab/C. 

4. EQUIVARIANT equivalence CLASSES OF COMODULE ALGEBRAS 

In this section we shall present how to distinguish equivalence classes of 
some comodule algebras over pointed Hopf algebras and then we will apply 
this result to our cases. Much of the ideas here are already contained in 
[Mlj . [M2j although with less generality. 

Let r be a finite group and Hhea, finite-dimensional pointed Hopf algebra 
with coradical IkF and with coradical filtration Hq C Hi C • • • C Hm = H. 
Assume there isV £ ^yV such that giH = U = 5S(y)#Ikr. 

We begin with the following lemma. 
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Lemma 4.1. Let F, [/ as above. Let a G Z^(r,k^) be a 2-cocycle. Then 
there exists a 2-cocycle q € Z'^{U) such that = ^■ 

Proof. Let us consider the hnear map : UxU — )■ k defined, on homogeneous 
elements x,y G U hy 

( N \cr{x,y), ifx,y€f7(0); 
y) = \ 

I 0, otherwise. 

Notice that q{x, 1) = x) = e{x) by definition. We have to check that, for 
X G f/(m), y E U{n), z G f/(/c), m,n,k G N, (f27T]l holds. Now, if /c > 0, the 
LHS of din) is zero. Set A(z) = z^^z'^"*, with G U{s), s = 0,...,k. 
Analogously, set A(y) = J2j=o V^®y^~'' ■> with y* G t = 0, . . . , n. Then, 
the RHS is 

k n 

= ?(^,y"^') = 0, 

and thus (12. ip holds. Both sides of this equation are similarly seen to be 
zero if m > or n > 0, while the case m = n = k = holds by definition 
of This map is convolution invertible and its inverse <j~^ is defined in an 
analogous manner, using a^^. □ 

Let A, A' be two right ff-simple left //-comodule algebras. Let F,F' (^T 
be subgroups and let ip G Z^(F,k^), ^/>' G Z^(F',k^) be two cocycles such 
that ^0 = "^ipP and A'q = k^/F'. Let K,K' G ^{V) be two homogeneous 
coideal subalgebras such that gr^ = K^k^F and gr.A' = K'jf^k^tF' . 

The main result of this section is the following. 

Theorem 4.2. The categories ^^TW, ji^'M are equivalent as modules over 
Rep(-ff) if and only if there exists an element g £ T such that A' — gAg~^ 
as comodule algebras. 

Proof. Let us assume that aM = A'M as Rep(i?)-modules. By [IM 
Proposition 1.24] there exists an equivariant Morita context {P,Q,f,h). 
That is P G ^,Ma, Q G a^A' and / : P^aQ ^ A' , h : Q^a'P ^ 
are bimodule isomorphisms and A' — End_4(P) as comodule algebras. The 
comodule structure on End^(P) is given by A : End^(P) i/® End^(P), 
A(r) = r(_i)(g)r(o) where 

(4.1) (a,r(_i))r(o)(p) = (a,r(P(o))(-i)'5~^(p(_i)))r(p(o))(o), 

for any a£ H*,T e End^(P), p G P. 

For any i = 0, . . . ,m define P{i) = Pi/Pi-i, where P_i = 0. The graded 
vector space grP = (B^q P{i) has an obvious structure that makes it into 
an object in the category ^ M.K#k^F- We shall denote 5 : grP — )• U^grP 
the coaction. In particular grP G ^A4k, thus by Theorem 13.11 (ii) we have 
that grP ~ M^K, where M = grP/(grP • K+), since K/R-^ = k. 
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We have that (5(grP • C (C/(g)gr P)(K+(g)l + U®K+), since K = 
k and thus the map 6 induces a new map 5 : M — )• U'®M^ where 
U' = U/UK~^U . Notice that U' is a pointed Hopf algebra with coradical 
kr, since U is coradicahy graded and the ideal UK~^U is homogeneous and 
does not intersect Uq. M is also a k^F-module with m ■ f = m ■ f, for 
f G F, m M. This action is easily seen to be well defined and, moreover, 
M G ^'Mk^F. 

Let ^' G Z^(r,k*) be a 2-cocycle such that ^'|p'xF = "0 see [Brl Proposi- 
tion III (9.5)]. Let C G Z'^{U') be such that C|rxr = as in LemmaSjl 
By [Mil Lemma 2.1] there exists and equivalence of categories M^p ~ 
^'■M(kF)^- By Theorem 13.11 (ii) any object in A4kF is a free kF-module. 
Thus there is an object N in ^/^(^^)^M such that grP ~ N(g)K^k^F. 
Whence dimP = (dim A^) (dim ^). Similarly we can assume that there is 
s G N such that dimQ = sdim^'. 

Using Theorem 13.11 (i) there exists t G N such that P* is a free right 
^-module, that is, there is a vector space T such that P* ~ Tf^A, hence 

(4.2) tdimA^ = dimr. 

Since Pi^aQ ~ -4' then P^^^Q - T^Q ~ then sdimTdim^' = 
t dim A! and using (14. 2p we obtain that s dim = 1 whence dim N = 1 and 
thus dimP = dim^. 



Claim 4.1. Let n G Pq, i/ien P = n ■ A. 

Notice that Pq 7^ 0. In fact, if Pq = and A; G N is minimal with P^ 7^ 0, 
then A(Pfc) C X]j=o Hk-j^^Pj = HQ(gjPk, which is a contradiction. Let 5 G L 
be such that A(n) = ^r^n. Now, ifJ={aG^ : n ■ a = 0}, then J 
is a right ideal of A. We shall prove that J = 0. Let a G J and write 
'^('^) = Z]r=i ™ such a way that the set {a* : z = 1, . . . , n} C 

is linearly independent. Now, {gal" : i = 1, . . . , n} C is also linearly 
independent and we have = \{n ■ a) = Yll=i gd'^^n- ■ Oi- Thus n • Oj = 0, 
Vz = 1, . . . ,n, that is, A(a) G i?(8)J and J is ff-costable. As A is right 
i/-simple, J = 0. Therefore, the action • : N^A — ?• P is injective and since 
dimP = dim dim the claim follows. 

It is not difficult to prove that the linear map (p • 9-^9~^ ~^ End^(P) 
given by (p{gag~^){n -h) = n • a6 is an isomorphism of //-comodule algebras. 

Conversely, if A' — gAg^^ as comodule algebras and M G a-^^ then 
the set gMg~^ has a natural structure of ^'-module in such a way that 
the functor F : a-^ — ^ A'-^^ M 1-^ gMg~^ is an equivalence of Rep(ff)- 
modules. □ 
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5. Pointed Hope algebras over S3 and S4 

In this section we describe all pointed Hopf algebras whose coradical is 
the group algebra of the groups §3 and S4. These were classified in |AHS] 
and [GG| . respectively. 

Recall that a rack is a pair {X, >), where X is a non-empty set and 
t> : X X X —?■ X is a function, such that = i [> (•) : X — )■ X is a bijection 
for all i € X satisfying: i \> {j \> k) = {i \> j) \> {i\> k), for all k G X. See 
|AG2j for detailed information on racks. 

Let (X, [>) be a rack. A 2-cocycle q : X x X —?■ , 1— )• qij is a 
function such that for all k G X 

Qi,j>k Qj,k ~ Qir>j,i>k Qi,k- 

In this case it is possible to generate a braiding c*^ in the vector space kX 
with basis {xi}i^x by c'^(xj (81 xj) = qijXi^j ® Xi, for all i,j € X. We denote 
by ^(X, q) the Nichols algebra of this braided vector space. 

5.1. Quadratic approximations to Nichols algebras. Let J' = ®r>2J~^ 

be the defining ideal of the Nichols algebra 55 (X, q). Next, we give a descrip- 
tion of the space j'^ of quadratic relations. Let TZ be the set of equivalence 
classes in X x X for the relation generated by (i, j) ~ (i > j, i). Let C G TZ, 
G C. Take ii = j, 12 = i and, recursively, ih+2 = ih+i > ih- Set 
n(C) = #C and 

n(C) 

7^' = {CG7^| n = (-ir^^'l- 

Let T be the free associative algebra in the variables {Ti}i^x- If C* G TZ' , 
consider the quadratic polynomial 

n{C) 

(5.1) <Ac7= 5]%(C)r,,^,r,, gT, 

h=l 

where r?i(C) = 1 and r]h{C) = (-I)''"^^gj2n%j2 ■■■Qihih-i^ h > 2. Then, a 
basis of the space is given by 

(5.2) (Pciixihex), C G TZ'. 

We denote by 532 (X, l) the quadratic approximation of 55 (X, q), that is the 
algebra defined by relations (^7^). For more details see [GG, Lemma 2.2]. 

Let G be a finite group. A principal YD -realization over G of (X, g), 
[AG2t Def. 3.2], is a way to realize this braided vector space (kX, c"^) as a 
Yetter-Drinfeld module over G. Explicitly, it is a collection (• , 5, (xi)«ex) 
where 

• • is an action of G on X, 

• g : X — )■ G is a function such that gh-i = hgih^^ and Qi • j = i> j, 
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• the family {xi)iex, where Xi '■ G ^ k* is a 1-cocycle, that is 
Xi{ht) = Xi{t)xt-i{h), 
for aU i G X , h,t & G, satisfying Xiidj) = Qji- 
If (• ,g, {xi)i£x) is a principal YD-realization of {X, q) over G then kX G 
as follows. The action and coaction of G are determined by: 

Sixi) = gi(S>Xi, h ■ Xi = Xi{h) Xh-i ieX,heG. 

Lemma 5.1. Assume that for any pair i,j & X , (i \> j) [> i = j, then 

(5-3) Xiif) Qfi>f-j,f-i = Xjif) Qi>j,i for any f e G, i,j e X. □ 

5.2. Nichols algebras over S„. Let X = O2 or X = Of considered as 
racks with the map > given by conjugation. Consider the applications: 

sgn : S„ X X — )• k*, (cr, -i) H- sgn{a), 

1, if i = (a, 6) and a{a) < a{b) 



X:SnxO-^k*, {a,i)^x^{<^) 



-1, if i = (a, b) and a{a) > cr{b). 



We will deal with the cocycles: 

-1: X X X ^k*, ^sgn(j) = -1, i,j € X; 

X : X ^ r, (i, i) ^ XiU) hj G o^. 

The quadratic approximations of the corresponding Nichols algebras are 

^2(0^, -1) = k{xQ^), 1 <l <m<n\ X^^ft), X^ab)X(^^f) + X(^^f)X^ab), 

l<a<b<c<n,l<e< f <n,{a,b}n{e,f} = $), 

^2(02, X) = <l<m < n|x^^j,), X^ab)X(^^f) - X^^^f^Xf^ab), 

•^(afe)'^(fec) •^{bc)-^{ac) •^{ac)-^{ab)i 
•^(bc)-^(ab) ~ •^(ac)-^{bc) ~ (ab)-^ (ac) 1 

1 < a < 6 < c < n, 1 < e < / < n, {a, 6} n {e, /} = 0), 

^2(C'4,— 1) = k{xi,i € Of\x'f, XjXj-i 

XiXj + XkXi + XjXfc, if ij = ki and j i k & Of). 

Example 5.2. A principal YD-realization of (02,-1) or {02,x)^ respec- 
tively {X,q) = (04,-1), over S„, respectively §4, is given by the inclusion 
X ^ E'n and the action • is the conjugation. The family {xi} is determined 
by the cocycle. In any case g is injective. For n = 3, 4, 5, this is in fact the 
only possible realization over S„. 

Remark 5.3. Notice that all {O2, —1), (O2 1 x)i for ^^ly ^-iid {Of, —1) satisfy 

that n = n'. ^ 

^When n = 3,4,5, we have from [SGTI IGG] *B2(02>-1) = *B(0^,-1), 
^2{0^,X) = 5S(0^,x) and dim«B(0^, -l),dim*B(0^,x) < 00. 
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5.3. Pointed Hopf algebras constructed from racks. A quadratic lift- 
ing datum Q = (X, g, G, (•, 5, (x/)«ex), (7c)cg7J')) ql-datum, [GGj Def- 
inition 3.5], is a collection consisting of a rack X, a 2-cocycle q, a finite 
group G, a principal YD-realization (•, (7, {xi)i£x) of iX,q) over G such that 
9i 7^ djdk, for all i,j,k £ X, and a collection {'yc)ceTZ' G ^ satisfying that 
for each G = {{12, k), ■ ■ ■ , iin,in-i)} eTZ', k e X, 

(5.4) 7c = 0, if gi^gi, = 1, 

(5.5) Jc = qkiiQkhlkoC, if k\>G = {k> {i2,ii),...,k> {in,in~i)}- 

To each ql-datum Q there is attached a pointed Hopf algebra ^(Q) gener- 
ated as an algebra hy {ai, Ht : I G X, t € G} subject to relations: 

(5.6) He = l, HtHs = Hts, t,seG; 

(5.7) Htai = xi{t)at.iHt, teG,l£X; 

(5.8) MWihex) = 7c(l - Hg^g^), G G 7^^ (i, j) € C. 

Here (j)c is as in ()5.ip above. The algebra HiQ) has a structure of pointed 
Hopf algebra setting 

A{Ht) = Ht(giHt, A{ai) = gimi + a^^l, t G G, i G X. 

See |GGj for further details. 



5.4. Pointed Hopf algebras over S„. The following ql-data provide ex- 
amples of (possibly infinite-dimensional) pointed Hopf algebras over 

1. Q-i[t] = (S„,O^,-l,-,6,{0,a,/3}), 

2. Ql[X] = (S„,O^,x,-,i,{0,0,a}) and 

3. V[t] = (S4,Oi,-l,-,^{a,0,/3}), 

for a,/3,A € k, t = (a,/3). We will present explicitly the algebras 'H{Q) 
associated to these data. It follows that relations (j5.8p for each G £ 71' 
with the same cardinality are S^-conjugated. Thus it is enough to consider 
a single relation for each G with a given number of elements. 

1. 7i{Q~^ [t]) is the algebra presented by generators {aj, Hr : i G O2, r G 
§„} and relations: 

He = 1, Hj.Hg = Hj-s, r, s £ S,^, 
HjUi = —ajijHj, S ^^2, 

2 _ n 
0(12) — u; 

0(12)0(34) + 0(34)0(12) = "(1 " -^^(12) -^^(34) ) ; 

0(12)0(23) + 0(23)0(13) + 0(13)0(12) = /?(! - -H'(12) -^"(23) ) • 
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2. 7i{Qn[X\) is the algebra presented by generators {oj, Hr : i £ O^, r G 
Sn} and relations: 

He = 1, HrHg = Hrs, r, s £ S„, 

Hjtti = Xi{j) ajijHj, i,j G O2, 

"■(12) — 

0(12)0(34) - 0(34)0(12) = 0; 

0(12)0(23) - 0(23)0(13) - 0(13)0(12) = a(l - ^^(12) -f^(23) ) • 

3. 'H{V[t\) is the algebra generated by generators {ai,Hr : i G Of,r € 
§4} and relations: 

He = 1, Hj-Hg = Hj-s, r, S (z Sn? 

HjUi = -ajijHj, i e of, j e O2, 

"^234) = a(l - -f^(13)-f^(24))) 
0(1234)0(1432) + 0(1432)0(1234) = 0) 

0(1234)0(1243) + 0(1243)0(1423) + 0(1423)0(1234) = /^(l " -^^(12) -^^(13) ) • 

These Hopf algebras have been defined in |AGH Def. 3.7], [GG, Def. 
3.9], jGGl Def. 3.10] respectively. Each of these algebras V-iQ) satisfy 

n as appropriate [GGl Propositions 

5.4, 5.5, 5.6]. 

Remark 5.4. Classification results: 

(a) [CTS] n{Q^^[t]), t = (0, 0) or t = (0, 1) are ah the non-trivial finite- 
dimensional pointed Hopf algebras over §3. 

(b) [GG] -HiQ^'it]), n{Qi[C]), -HiV[t]), t G ply {(0,0)}, ( G {0,1} 
is a complete list of the non-trivial finite-dimensional pointed Hopf 
algebras over S4. 

We will classify module categories over the category of representations of 
any pointed Hopf algebra over S3 or §4, that is, of the algebras listed in 
Remark 15.41 

6. COIDEAL SUBALGEBRAS OF QUADRATIC NiCHOLS ALGEBRAS 

A fundamental piece of information to determine simple comodule al- 
gebras is the computation of homogeneous coideal subalgebras inside the 
Nichols algebra. This is part of Theorem 13. 2[ The study of coideal subalge- 
bras is an active field of research in the theory of Hopf algebras and quantum 
groups, see for example |HK] . [HS| . [K] and [KL]. 

In this section we present a description of all homogeneous left coideal 
subalgebras in the quadratic approximations of the Nichols algebras con- 
structed from racks. 
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Fix n € N, X = {«!,... , i„} a rack of n elements and q : X x X k* a 
2-cocycle. Let TZ be as in 15.11 Assume that, for any equivalence class C in 
TZ and k & X, 

(6.1) {i,j),{i,k)€C^j = k and {i,j),{k,i)eC^k = i\>j. 

Let G be a finite group and let {xi)i€x) be a principal YD-realization 
of {X, q) over G. We shall further assume that 

(6.2) g is injective and TZ = TZ'. 

For each subset Y C X , Y = {ij-^, . . . C X, denote by JCy the subal- 
gebra of *B2(X, q)^l£l generated by Xj^, ... ,Xj^. Set n = ^2iX,q)#kG. 

Proposition 6.1. For each set Y = {ij-^, . . . C X the algebra ICy is 
an homogeneous coideal subalgebra of Ti. For each such selection, if S = 
{gij^ , • • • , 9ij, } then 

Stab /Cy = S^ = {heG: hSyh-^ = Sy}- 

Moreover, if IC is a homogeneous coideal subalgebra of Ti generated in 
degree one, then there exists a unique y C X such that 

K, = KLy . 

In particular, the set of homogeneous coideal subalgebras of Ti generated in 
degree one inside 'B2(X, g)^lkl is in bijective correspondence with the set 
2^ of parts of X. 

Proof. It is clear that /C = /Cy is a homogeneous coideal subalgebra. Now, 
to describe Stab/C it is enough to compute the stabilizer of the vector 
space Ik{xji, . . . ,Xj^]. But h ■ xj^ = XjtWxh-jk, k = 1, . . . ,r and Xh-j^ G 
{xji, . . . , if and only if h ■ jk G {ji, . . . , jV}, if and only if gn.j^^ = gji 
for some / = l,...,r. And the first part of the proposition follows since 
9h-jk = hgj,h-\ 

Now, let /C be a homogeneous coideal subalgebra of Ti generated in degree 
one. If /C = k the result is trivial, so let us assume that fC ^ k. Since IC is 
homogeneous then /C(l) 7^ 0. Let 7^ y = AjXj G /C(l), then 

A{y) = y(S)l + Y^ XiHg^mi =^ XiHg^mi G ■Ho(^k:{i). 

i i 

Let XiHgi'^Xi = Y.teG^t^K't, = J2jex VtjXj G /C(l), T]tj G k, Vt, j. 

As Ht = Hg- if and only \i t = gj and gi = gj if and only if i = j, for 
every i, j £ X, t £ G, (j6.2p . then 77^^ = if i 7^ g^ for some A; G X. Let us 
denote rjij = rjg-j, thus, 

Y\iHg.^Xi = Yr]ijHg^^Xj. 

i i,j 

Therefore, Aj 7^ implies r]ij = SijXi and so Kj = Xj. Thus, {xi | Aj 7^ 0} C 
IC, /C(l) = k{xi} and therefore if F = G X : G /C(l)} then 
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K, = JCy- Finally, if Y ^ Y' then it follows from the injectivity of g that 
/Cy ^ JCy as coideal subalgebras. □ 

The next general lemma will be useful in 16.11 to prove that certain subal- 
gebras are generated in degree one. Given a rack X, let us recall the notion 
of derivations 5i associated to every element of the canonical basis {ejjjgx- 
If {e*}jgx denotes the dual basis of this basis, then 6i = (id (8'e*)A. i £ X 
we denote by Xi the set X \ {i} and thus kXi = k{xj \j G Xi}. Let us 
assume, furthermore, that 

(6.3) qa = -1, for all i £ X. 

This condition is satisfied, for example, if dim?B2(^, (?) < 00 or X is such 
that i\> i = i for all i, by (16.21) . 

Lemma 6.2. Let /C C *B2(^, (i')#Ikl he a homogeneous coideal subalgebra of 
Ti. Let i € X and let us assume that there is u € IC such that 5i{u}) 7^ 0. 
Then Xi £ 

Proof. Let /C = 0, /C(s), € T{kX) and i£X. In n, 

u = ai{uj) + f3i{u})xi, ai{uj),(3i{u}) G )Cxi- 

It suffices to see this for a homogeneous monomial uj. We see it by induction 
in £ = i{uj) G N such that w G T^kX). If ^ = 0, or £ = 1 this is clear. 
Let us assume it holds for i = n — 1, for some n G N. If £{u}) = n and 
two possibilities hold, that is ji / z or ji = i. In the 
first case, let u' = Xj^...Xj^. Thus, £{io') < n — 1 and therefore there 
exist ai{uj'), /3i{uj') G /Cx, such that u' = ai{uj') + j3i{(jj')xi. As Xj^aj(a;'), 
Xj^l3i{ijj') G the claim follows in this case. 

In the second case, let j = j2 and let us note that j 7^ i, by (j6.3p . By 
(|6.2p . we can consider the relation 

XiXj — ([ijXi^jXj^ QijQi[>j i^jXi[>j ^ 

Thus, if co" = . . . Xj„, UJ = qijXi^jXiOj" — qijqi^jiXjXi^^jOj" and both mem- 
bers of this sum belong to K-Xi + ^XiXi because of the previous case and 
thus the claim follows. 

m 

Let vr : 'H{s)®K.{m — s) ^ 'H{'m — 1)®K.{1) be the canonical linear 

s=0 

projection. Let uj G TikX), i £ X and ai{uj), as above. Then, 

7rA(u;) G f3i{uj)mi + ^'H®Xj. 

Notice that Si{uj) = (3i{uj), and therefore if 6i{uj) 7^ it follows that Xi G /C(l) 
using (16. 2p as in the proof of Proposition 16.11 □ 

In this part we shall assume that X is one of the racks O2, n G N, or Of, q 
one of the cocycles in 15.21 Notice that (16. Ih is satisfied in these cases. Using 
the previous results we shall describe explicitly all connected homogeneous 
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coideal subalgebras of the bosonization of the quadratic approximations to 
Nichols algebras described in 15.21 

We first introduce the following notation. Let Y C X he a subset and 
define 

TZl = {C en-.C CY xY}, 

nl = {C e n : \ C nY X Y \= 1}, and 

7^|^ = {c € 7^ : C7 n y X y = 0}. 

Remark 6.3. For the ql-data in 15.41 TZ = TZj U 7^^^ U TZ^ , for any subset Y. 
Moreover, if / G Stab/Cy then f ■ TZj <Z for any s = 1,2,3. Also, (l63]l 
holds. 

Definition 6.4. Take the free associative algebra T in the variables {Ti}i^y- 

According to this, we set t^c y{{Ti}i^y) in T as 

(6.4) 

MYiiTihev) = I TiTjTi - qi^j^i T.TiTj, if C G TZ^ , gCDYxY; 
0, iiCGTZl. 

We define the algebra Cy as follows 

(6.5) Cy = H{yi}i€Y)/{^c,Y{{yi}ieY) : C G 7^). 

Notice that, if y = X then Cx — ^iX,q). For simplicity we shall 
sometimes denote -i^c" = "^cx- 

We now take *B one of the quadratic (Nichols) algebras ^2{C>2 , —1), 
€2(0^, X), or *B(0|,-1). Accordingly, let X = O^, q = -l,x or {X,q) = 
(01,-1). Consider a YD-realization for {X,q) such that (|6.2p is satisfied 
(for instance, the ones in Example 15. 2p . Set Ti = *B#IkG. 

Theorem 6.5. Let Y C X. Cy is an T-L-comodule algebra with coaction 

^ivi) = 9i®yi + Xi(g>i, i G y. 

The application yi ^ Xi, i ^ Y defines an epimorphism of Ti-comodule 
algebras Cy /Cy . Moreover, ifn = 3, it is an isomorphism and Cy — /Cy . 

Proof. The relations that define £y are satisfied in 'B. In fact, it suffices to 
check this in the case C G TZ2 since in the other ones "dc = or -de = 4>c^ 
and (j)c = in OS, see ([O]). Now, if C G and G C n y x y, let 
k = it> j. By the definition of 7^|^, we have that necessarily k Then, 
if we multiply the relation XiXj — qijXi^jXi + qijqi:>jiXjXi^j = by Xj on the 
right and apply this relations to the outcome, we get 

— XiXjXi -\- qijqi^ji XjXi^jXi — XiXjXi -\- qi^j iXji^X'iXj -\- qijqi^ji XjXi^j^ 
— XiXjXi -\- qi\^ji XjXiXj. 
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Thus, we have an algebra projection tt : Ly K,y. It is straightforward to 
see that, for every C & TZ, 

S{^C,Y{{yi}leY)) = 1^C,Yi{xi}leY)^'^ + 9C,Y^^C,Y{{yi}l&Y), 

where 

'giOj if C enY,{ij) eC, 
g^gjgi if C E , € C nY x Y, 



9C,Y 



0, if cenl- 



Therefore, 5 provides Cy with a structure of ?^-comodule in such a way that 
TT becomes a homomorphism. 

We analyze now the particular case n = 3. If |y| = 1, the result is 
clear. Let us suppose then that Y = C Notice that the map vr 

is homogeneous. Then, if 7 G ker(7r), 7r(7) = in ^3(01) — !)• By ()5.2p . we 
have that necessarily deg7 > 3. Now, if deg7 = 3, 

7 = ayiVjVi + PyjyiVj = {a + l3)yjyiyj. 

for a,/3 E k. Then, vr(7) = implies that a = —f3 and 7 = 0. Finally, 
we can see that there are no elements 7 G Cy with deg7 > 4. In fact, an 
element 7 with deg 7 = 4 would be of the form 

7 = ayiyjyiyj + f^yjyiyjyi = ayiyiyjyi + Pyjyjyiyj = 0. 

This also shows that there are no elements of greater degree. Therefore, 
Cy = ICy . □ 

Remark 6.6. If n 7^ 3, then in general Cy 7^ ICy. In fact, if n = 4, q = —1 
and we take Y = {(13), (23), (34)} C O^, then we have 

Cy = k(x, y, z : x^, y^, z'^,xyx — yxy, yzy — zyz, xzx — zxz). 

Now, in the subalgebra of 53(02)—!) generated by x = X(23), y = X(34), 
z = X(i3) we have the relation 

{xyzf = X(23)X(34)X(i3)X(23)X(34)X(i3) 

= -2;(23)a;(34)(a;(23)a;(i2) +a:(i2)2;(i3))a^(34)a;(i3) 

= a:(23)2;{34)2;(23)2;(34)a;{12)a;(13) 

+ 3;(23)2;(i2)a:^{34)a^{i3)a;(34)2;(i3) 

= 2;(23)a^{23)2;(34)2;(23)a^{12)a;(13) 
+ a;(23)3;(12)a:^(34)2;(34)2;(13)2;(34) 

= 0. 

But {xyz)"^ ^ in Cy. We prove this by using the computer program |GAP] 
together with the package [GBNP] . See Proposition [63] (6), for a description 
of Ky in this case. 
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6.1. Coideal subalgebras of Hopf algebras over Set n = 3, 4, 5S 

a finite-dimensional Nichols algebra over S„, = 5S7^1k§„. Recall that 
these Nichols algebras coincide with their quadratic approximations. We 
will describe all the coideal subalgebras of Ti. We will also calculate their 
stabilizer subgroups. 

We start out by proving that in this case these coideal subalgebras are 
generated in degree one. 

Theorem 6.7. Let IC be a homogeneous left coideal subalgebra ofH. Then 
K, is generated in degree one. In particular, IC = /Cy for a unique Y Q X . 

Proof. We will se that, given uj £ JC, to £ {xi : 5iUJ 7^ 0). Then, by Lemma 
MM it will follow that uj G (/C(l)). Let I = {i £ X : 5iUJ = 0} and let us 
assume / has m elements. We will see this case by case, for m = 0, . . . , 6. 

Cases m = (that is, for all « G X Xj G ^(1)) and m = 6, or m = n 
in general, (since in this case a; = 0, see [AGlj Section 6]) are clear. Case 
m = 1 is Lemma 16.21 which also holds for any n G N. 

Let us see case m = 2, for any n G N. Let / = {i,p}. We know that 
there is an expression of u without, v.g., Xi. Let us see that we can write 
u without Xi nor Xp. Let j £ X such that pl> j = i. Using the relations as 
in Lemma 16.21 and using that xiXrpXi — — Qi^^.piXj'XiXf and that XrXiXrXi = 
for all l,r G X, we can assume that co can be written as 

W = 7° + J^Xp + "i^XpXj 

with 7*^, 7"*^, 7^, such that they do not contain factors Xj, Xp in their ex- 
pressions. Let us see this in detail. We can assume that oj G r^(lkX) is a 
homogeneous monomial. For each appearance of a factor XpX;, with / 7^ j 
we change it by qpi xiXp^i + qpiqpt^ip Xp^iXp. That is, we change for an ex- 
pression in which Xp is located more to the right and an expression that does 
not contain Xi nor Xp (in the place where we had an Xp). If we have a factor 
of the form XpXj we move it to the right, until we get to XpXjXp, but we can 
change this expression by —qpt>jp xjXpXj. 

Now, = 6pio = ^^Qp + ^"^QpXj = (7^ -|- qpjj'^Xi)gp, and therefore we have 

a; = 7° + ^'^Xp + Qpj-f'^XiXp + qpjQip-f'^XjXi = 7° + qpjQip'y'^XjXi. 

But then = 6iio = qpjqip'y'^xjgi and therefore uj = can be written 
without Xi,Xp. 

This finishes the case n = 3, since in this case \X\ = 3. We now fix n = 4, 
to deal with the cases m = 3, 4, 5. 

Let us see case m = 3. Fix I = {ii,i2,p}. There are three possibilities 

(6.6) I = {i,j,i>j}; 

(6.7) / = {i,j, k}, such that i [> k = k 01 j \> k = k; 

(6.8) / = {i,j,l}, the remaining case. 
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Set ji,j2 € X be such that p l> js = is, s = 1,2. We can assume that w 
is written without Xi^, s = 1,2. Notice that not always ji,j2 exist. For 
instance, in (16. 6p there are no ji nor j2 and in (]6.7p ji or j2 does not exist. 
We analyze the three cases separately. 

In (|6.6p . as there are no ji, j2, we can write w in the form a; = 7" + 7^Xp 
with 7^,7"'^ without factors Xj, j € /. But from 6pOO = it follows that 
cl! = 7*^ and therefore we can write u without factors Xj, j € /. 

Case (j6.7p is similar. Assume, for example, that 12 t> p = p- Thus, we 
have no j2- Accordingly, we can assume that w is of the form 

6^ = 7° + ^^Xp + 7^XpXji = 7° + 7^Xp + Qpj^^r'^Xi^Xp + qp^q^hl'^Xj^Xi^ 

with 7^,7^,7^ without factors Xj, j € /. Now, = 5pUJ = {'y^p + qpjij'^Xi-^)gp 
and thus a; = 7*^ + qpj^qj-^i^^'^Xj^xi^ but as ^j^ci; = 0, it follows a; = 7*^ and 
therefore w is written without factors Xj, j G /. 

It remains to see ()6.8p . The existence of ji , j2 makes this case more subtle 
than the previous ones. Let us analyze the set / = {zi,Z2,p}. We have that 
k = ii\>i2 = i2>'i'i ^ I, but, moreover, we have that X = {ii,i2,P, k,j2,ji}- 
In fact, we cannot have ii \> 12 = ji since this implies 12 = P and neither 
ii>i2 = 32 because this implies ii = p. Moreover, we have that 12 > ji = ji, 
and therefore Xi^Xj-^ = qi2j\XjiXi2- Set 

a — Xp, b — ^j'l ' ^ — ' 

d — Xij^, 6 — Xi2, f — Xj^. 

Now we analyze which are the longest words we can write with the "con- 
flictive" factors a, b and c, starting with a. Recall that aba = ±bab, and 
abb = 0. Starting with ab, we can preliminary form the words abca and abcb. 
Now, abcac = ±babca, and thus we discard it. Consider abcb. abcabc = 0, 
so we are left with abcaba. As abcabab = 0, we reach to abcabac. As 
abcabaca = abcabacb = 0, we keep this word. In the case of abcb, arguing 
similarly, we reach to abcbacb. If we start with acb, as acbc = zizabcb, we 
consider those words starting with acba. The longest one is acbacab, but 
this is ^abcbacb. So the longest word we can form not considered before is 
acbac. 

In consequence, we can assume there exist 7* G /C, i = 0, . . . , 15 without 
factors Xj , j G I, such that oj is of the form 

00 =7*^ + 7^a + 7^a6 + 7^060 + ■j'^abca + j^abcab + abcaba + ^'^ abcabac 

+ j^abcb + j^abcba + j^^abcbac + 'y^^abcbacb + 7^^ac + j^'^acb 

+ j^'^acba + j^^acbac. 

Using the relations and the fact that 6sUJ = 0, s = p,ii,i2 we will show that 
we can write uj without factors Xs, s = p, 11,12- When using the relations, 
by abuse of notation, we will omit the scalars q,, that may appear, including 
them in the (new) factors 7*. We will denote by 7* , 7* , 7* G /C to some 
of these scalar multiple of the factors 7*, i = 0, . . . , 15, when needed. 
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As 6pU} = 0, we can re- write w as 
uj =7° + 'j'^bd + 'j^bdc + + 'j^bdcbd + j^' dcebd + j'^abcabce 

+ -y^bdcb + j^'dceb + -f^" debd + j^^abcbce + ^^^abcbebd + abcbceb 
+ 7^^ce + 7^^e6d + 7^^'ce6 + j^^acbea + 7^^'ac6ce. 

Now, using that dj^u; = 0, and the relations dc = ±cd, be = ±eb, bob = ±cbc 
and abcabc = bcbc = 0, we see that 

UJ =7° + 7^6^ + j^bcd + j^'cde + j^bdcbd + 'y^' dcebd 

+ 7 abcdeae + 7 6(ic6 + 7 dcbe + 7 dfted + 7 abcbeda 

+ 7^^ce + 7^^6e(i + 7^^'c6e + 7^^ac6ce + j^^' edaea. 

Using that Si^oj = together with the relations, we get to 

UJ =7° + j'^bd + 7^6cd + ^^bcbad + cbafe + cbaed 

+ -y^bcad + bcba + baed + ^^'"bafe + -y^^abcbebd 

+ j^^'abcbeab + 'y^^"abcbfea + j^^"'abcbfac + 7^^6e(i + 'j^^'bfe. 

Using now that (5jjCJ = 0, 

w =7° + j^cbafe + 7^6c6a + 'j^'bafe 

+ j^^abcbacb + 7^"*^ abcbfce + 7^"*^ abcbfac + 7^^6/e. 

Using again that cj = 0, 

= 7*^ + 'y^bcba + 'y^^abcbacb + 7^^ abcbafc 

= /3° + /3^a + p^abcbacb + fi^abcbabf 

for /3* € /C, i = 0, . . . , 3 without factors Xj, j G /. Using that (5^0; = 0, 

w = /30 + fS^dedaeda + /S^dedadaf = l3°, 

since edaeda = dada = 0. That is, we can write w without factors Xj, j e /. 

In the case m = 4, we look at the different subsets of three elements of /. 
If we have a subset of three elements that corresponds to the case (j6.8p it 
follows that oj can be written without the factors Xj with j in that subset, 
and then oj is in an algebra isomorphic to 55(02;— 1)) which we have 
already proved the result. If we have a subset as in the case (I6.6P when we 
add to this subset a fourth element we obtain another subset as in the case 
(16. Sp . If our subset corresponds to the case (16. 7j) , in order to get to a case 
different from (16. Sp . we necessarily have to add a fourth element such that 
/ is 

/ = {i, j. A;, /}, with i\> k = k and j \> I = I. 

We analyze this case. If p G / is fixed and uj is written without factors Xj, 
j G I \ {p} = {ii, 5 ^3}, notice that if p\> = 13 there is no other such 
that p > and, moreover, if ji,j2 are such that p \> jg = is, s = 1,2, then 



MODULE CATEGORIES OVER POINTED HOPE ALGEBRAS OVER §3 AND §4 19 

Therefore, we can assume that there are 7*, i = 0, . . . , 4 
such that they do not contain factors Xj, j € / and such that uj can be 
written as 

LO — 7 0^ "^p "^p-^ji ~t~ XpXj^Xj2 ~f~ 7 XpXj^Xj2Xp 

SpUj=Q 2 3 3' 4 

— T ~^ T •^ji'^ii ~t~ T Xj^Xi^Xj2 ~1~ 7 Xi^Xj2Xi2 ~t~ T ^ii'^i2'^p 

SpUj=Q I 2 3 3' 

— T ~r T '^ji'^ii ~t~ T '^ji'^ii'^j2 ~^ T Xi^Xj2Xi2 

Si2'^=0 2 3 

— T ~l~ T "^ji "^ii ~l~ T "^ii "^ii ■^32 
= T ~l" 7 Xj^Xj2Xi2 

Si u]=Q „ 

= 7°- 

Then, we can write uj without Xj, for j € /. In the case m = 5, ui necessarily 
belongs to an algebra isomorphic to 5S(02; ~^)- ^ 

Now we apply Theorems 16.51 and 16.71 to calculate the coideal subalgebras 
and stabilizer subgroups of Ti = *B(C'2)#IkS3. 

Corollary 6.8. The following are all the proper homogeneous left coideal 
subalgebras 0/ , -l)#IkS3.- 

(1) ICi = {x^)^k[x]/{x^),i€Ol; 

(2) ICij = {xi,Xj) ^ k{x,y)/{x'^,y'^,xyx - yxy) , i,j G Of. 
The non trivial stabilizer subgroups of S3 are, on each case 

(1) Stab/Ci = Z2 = (i) C S3; 

(2) Stab/Cij =Z2 = [k) c S3, A; / i, j. □ 

Next, we use the computer program [GAP] , together with the pack- 
age [GBNPj . to compute the coideal subalgebras of the finite-dimensional 
Nichols algebras over S4 associated to the rack of transpositions Ol- the 
same way, the coideal subalgebras of the Nichols algebra 55(01,-1) asso- 
ciated to the rack of 4-cycles can be computed. The presentation of these 
algebras may not be minimal, in the sense that there may be redundant re- 
lations. Moreover, in the general case, non-redundant relations in a coideal 
subalgebra /C may become redundant when computing the bosonization with 
a subgroup F < Stab /C. 

First, we need to establish some notation and conventions. Let k{x,y,z) 
be the free algebra in the variables x, y, z. We set the ideals 

R^{x, y, z) = (x^, y^, z^,xy + yz± zx) C k{x, y, z). 
Set = 5B(0|, -1), 5S4 = 5S(0|,x)- Recah that Y stands for a subset of 

o|. 

Proposition 6.9. Let e = ±.Any homogeneous proper coideal subalgebra 
tC^ of ^Bl^kl is isomorphic to one of the algebras in the following list: 
dim/C^(l) = I, 
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(1) Y = {i}, = k[x]/(x2), and dim/C^ = 2. 
dim/C^(l) = 2, 

(2) Y = {i,j},i\>j = j, 

/C^ = k(a;, z)/{x'^, z'^,xz + ezx), and dimAZ^ = 4. 

(3) Y = {i,j},i>jj^j, 

K.^ = k{x, y)/{x'^, y^,xyx — syxy), and dimX^^ = 6. 

dim/C^(l) = 3; 

(4) Y = {i,j,k}, i[>j = k, 

JC^ = k(.T, y, z) I {R'^{x, y, z)), and dim/C^ = 12. 

(5) Y = {i,j,k}, i> j ^ j,k, it>k = k 

^,j,k ■= Hx,y,z)/{x'^,y'^,z'^,xyx - £yxy,zyz - eyzy,xz + ezx), 
and dim/C^ = 24. 

(6) Y = {i, j, k}, i> j,j > k,i[> k ^ {i, j, k}, 

IC^ = k{x,y,z ■.x^,y'^,z^, 

yxy — exyx, zxz — exzx, zyz — eyzy, 
zxyz + yzxy + xyzx, zyxz + yxzy + xzyx 
zxyxzx + eyzxyxz, zxyxzy + exzxyxz), 

and dim/C' = 48. 
dim/C=(l) =4.- 

(7) Y = {i,j,k,l}, i> j = k, i\>l = l; 

ICy = 'k{x,y, z,w : x^, y^, z^, u)^, 

zx + eyz + exy, zy + yx + exz, wz + ezw, 
yxy — exyx, wxw — exwx, wyw — eywy, 
wyx + ewxz — ezwy, wyz + wxy — zwx 
wxyz — zwxz, wxzw + xwxz, 
wxyw + ywxy + xywx, wxyxz — ezwxyx, 
wxyxwx + eywxyxw, wxyxwy + exwxyxw), 

and dim/C^ = 96. 

(8) Y = k, I}, i\> j ^ j,k, i\>k = k, j>l = I, 

ICy = k{x, y,z,w -.x^^y^, z} , w'^,zy + eyz, wx + exw, 

yxy — exyx, zxz — exzx, wyw — eywy, wzw — ezwz, 
zxyx + yzxy, zxyz + exzxy, 

wyx — ezwy — yxz + exzw, wzx — ezxy — ywz + exyw, 
wyzxy — eywyzx — xyzwy + xyxzw, 
wyzxw + zxywz — yxzwy — xwyzx, 
wyzw — ezxwz — yzxw + yxwy + exwyz — exyzx), 
and dim/C^ = 144. 
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dim/C^(l) = 5; 

(9) Y = k, I, m}, i \> j = k, i > I = m, j > I ^ I, k \> m ^ m, 
j t> m = m, k\> I = I, 

= Ik(x, y, z,w,u : x^, y'^ , z'^ ,w'^ ,wz + ezw, uy + eyu, 
zx + eyz + exy, zy + yx + exz, 
ux + ewu + exw, uw + wx + exu, 
yxy — exyx, wxw — exwx, wyw — eywy, uzu — ezuz, 
wyx + ewxz — ezwy, wyz + wxy — zwx, 
uzw — ewxz — xuz, wxyz — zwxz, 
wxyw + ywxy + xywx, 
wxyxz — ezwxyx, wxzw + xwxz, 
wxyxwx + eywxyxw, wxyxwy + exwxyxw), 
and dim/C^ = 288. 
The stabilizers subgroups of §4 are, in each case, the following: 

(1) Z2 X Z2 = {gi,gj) C §4 with i>j= j; 

(2) D4 = {gi,a) C §4 (if e.g., g, = (12), a = (1324);; 

(3) Z2^(5fc)C§4, k = i>j. 

(4) §3 ^ {gi,gj,gk) CS4,, i>j = k; 

(5) 'L2 = {g3gi), j^l,jt>i = l; 

(6) §3 = {gioj,gjc>k,9kc>i) C S4; 

(7) If K,^ belongs to items (7) to (8) then Stab/C^ = 1. □ 

Examples 6.10. We give, as an illustration, an example of a subset Y C O2 
for each case in the previous proposition. Note that any comodule algebra 
K-Y' such that Y' is not in the next list, is S4-conjugated to another, /Cy, 
with Y a set in the list. 



(1) y = 


{(12) 


}, 


(2) y = 


{(12) 


,(34)}, 


(3) y = 


{(12) 


,(13)}, 


(4) y = 


{(12) 


,(13), (23)}, 


(5) y = 


{(12) 


,(13), (34)}, 


(6) y = 


{(12) 


,(13), (14)}, 


(7) y = 


{(12) 


,(13), (23), (14)}, 


(8) y = 


{(12) 


,(13), (24), (34)}, 


(9) y = 


{(12) 


,(13), (23), (14), (24)} 



Remark 6.11. Let Y C and let Z C 0| be such that 0| = YUZ, as sets. 
Denote by Yj one of the subsets of item j of Proposition 16. 9| and by Zj the 
corresponding complement. Notice that we have the following bijections 

Zi^Yg, Z2^Ys, Z3^Yj, Z^^Ye, Z^^Y^. 

Therefore, we have that dim/Cydim/C^ = dim 55*^, for every Y. An analo- 
gous statement holds for the case X = 0\. 
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7. Representations of Rep(5S2(X, Q')#kG) 

In this Section, we take Q = {X,q,G, {■,g, {xi)i&x), (Ac)cG7^') as one of 
ql-data from Section [5^ Note that in this case, the set Ci = {(i, «)} belongs 
ioTZ = TZ' and {i\>j)\>i = j, for any i,j G X. Let 'H{Q) be the corresponding 
Hopf algebra defined in Section [Ql and set 1-L = ^2{X,q)i^kG. We will 
assume dim*B2(^, g) < oo (and thus dim'H(Q) < oo, [GGl Proposition 
4.2]). In particular, this holds for n = 3, 4, 5. 

7.1. !B2(^, (7)#lkG-Comodule algebras. We shall construct families of co- 
module algebras over quadratic approximations of Nichols algebras. These 
families are large enough to classify module categories in all of our examples. 

Definition 7.1. Let F < G be a subgroup and tp G Z2(F,k^). If y C X 
is a subset such that F ■ Y Y , that is F < Stab/Cy, we shall say that a 
family of scalars ^ = {^c}cen, ^^^^ compatible with the triple (Y, F, ip) 
if for any / G Stab ICy , 

Cf■CX^{f)XJ{f)=Cci^{f,9i9J)Hf9i9j,r'), if C G 7^f,(^,j) G C; 

if-CxKf)X3{f)=ic^{f,9i9j9i)i^{fgr9jgrJ'^), if C G nl,{i,3) G c- 

Cc. =Cc, =0, if CG7^r,(^,i) GC. 

We will assume that the family ^ is normalized by ^c" = if either C G 7?.]^, 
(i, j) G C, and QiQj ^ F or if C G 1Z\ , G C, and giQjgi ^ F. 

We now introduce the comodule algebras we shall work with. 

Definition 7.2. Let F < G be a subgroup, G 2'2(F,k^), and let y C X 
be a subset such that F - Y <^Y and let ^ = {Cc}cg7?.' tie compatible with 
(y, F, V'). Define A{Y,F,iIj,£^) to be the algebra generated by {yuef : I G 
Y, f G F} and relations 

(7.1) ei = 1, erBs = '(/'(^s)ers, r,seF, 

(7.2) e/yi = xK/)y/-K/, feFJeY, 

(7.3) ^^,^({yj,,^) = /^^^^ ^[^^^^ CG7^. 

10 II ec ^ F 

Here i?c,y was defined in (j6.4p and the element ec is defined as 



(7.4) ec 



eg^g^ if GG7^r,(^,i) GG, 

69.9,5, if GG7^^,(i,i) GGny xy, 
0, if cenX. 



^3 

If Z C X is a subset invariant under the action of F we define B{Z, F, ip, ^) 
as the subalgebra of A{X, F, V', C) generated by elements {yuef : I G Z, f G 

Remark 7.3. (a) Applying ad{f), f G Stab/Cy to equation (|7.3p and 
using (|5.3p one can deduce the equations in Definition 17.11 
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(b) It may happen that B{Z, F, -0, ^) / A{Z, F, ip, 
Let A : A{Y, F, ip, ^) 1-L®A{Y, F, ip, ^) be the map defined by 
(7.5) A(e/) = /®e/, X{yi) = xi^l + gi^yi, 

for all / G F, / G Y. 

Lemma 7.4. A(Y, F, -0, ^) is a left H-comodule algebra with coaction A as 
in (|7.5p and B{Z,F,ij),^) is a subcomodule algebra of A{X, F,iIj,^). 

Proof. Let us prove first that the map A is well-defined. It is easy to see 
that A(e/yz) = Xlif) KVf l £3) for any / G F, / G X. 

Let C G Tl^ and G C. In this case -i^c" = 'Pc- We shall prove that 
K4^c{{yi}i&x)) = A(^c ec/ic/j)- Using the definition of the polynomial (pc we 
obtain that 

n(C) 
h=l 

+ 9ih+i9ih^yih+iyih = 4>c{{xi}iex)(^i + gigj^cpciiyijisx) 

The second equality follows since i^^Qj^i = ii and 

9ih+l^ih = lih+iih Xih+29ih+i^ '>lhiC)qi^^j^i^ = -%+i(C). 

Now, let C G TZj , {i,j) G C and i > j ^ Y. In this case relation ()7.3p is 
yiyjyi + qi^jiyjyiyj = icdg.gjg^- Note that assumption = iCj = implies 
that 2/2 = = y|. The proof that \{yiyjyi + qi>jiyjyiyj) = icK^^g.gjg,) is a 
straightforward computation. □ 

Theorem 7.5. Lei y C X &e an F -invariant subset and assume that 
^(X, F, ^, ^) 7^ 0, then the following statements hold: 

1. The algebras A{X , G , ip , S,) are left Ti- Galois extensions. 

2. If ^ satisfies 



(7.6) ic 



'-\c if Ac/0, 

i/ Ac = and gjgi / 1, 

arbitrary if Ac = and gjgi = 1. 



t/ien A{X,G,1,(,) is a (T-L,T-L{Q))-biGalois object. 

3. B{Y, F,'iP,(^)q = h^F and thus B{Y,F,ip,S^) is a right H-simple left 
Ti-comodule algebra. 

4. There is an isomorphism of comodule algebras gi B{Y, F,ip,S,) — 
ICY#k^bF. 

5. There is an isomorphism B{Y, F, ip, S^) ~ B{Y', F' , ip' , of comodule 
algebras if and only ifY = Y' , F = F' , ip = ip' and ^ = 
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Proof. 1. To prove that A{X, G, tp, ^) is a Galois observe that the canonical 
map 

can : A{X, G, ^j, 0® A^, G, V', ^ ^ ^ A^, G, ip, 0, 

can(x(Xiy) = a^(-i)<8)a^(o)y) is surjective. Indeed for any f & G, I € X 
can(e/(g)ej-i) = can(yi(g)l - eg^®eg-lyl) = 

2. Define the map p : A{X, G, 1, ^ ^(^, G, 1, O^'^iQ), by 

p(ej) = ef(g)Hf, p{yi) = y;®! + eg,(g)a;, I eX,f eG. 
The map p is well-defined. Indeed, if C G 7?. and (i, j) € G then 
/5('/'c({y/}«ex)) = 4>c{{yi}iex)(^'^ + eg^g^(S>(l)c{{ai}iex) 

Clearly if ^ satisfies (17. 6p then p{4>c{{yi}iex)) = pi^g^gj)- The proof that 
^(X, G, 1,.^) is a (7^, ?^(Q))-bicomodule and a right ?^(Q)-Galois object is 
done by a straightforward computation. 

3. If A{X, F, V', 7^ then there is a group F with a projection F ^ F 
such that ^(Y',F,V',Oo = Ik;^^. The map A{Y, F,iIj,^)o®A{Y, F,ip,^)o 
kFi^A{Y, F,iP,S^)q defined by ej^Cg i-> f'Si'4'{f,g)efg is surjective. Hence 
F = F. This implies that B{Z, F, ip, = and by [HH Prop. 4.4] 
follows that B{Z, F,tp,^) is a right "H-simple left 7^-comodule algebra. 

4. Follows from Theorem O (3) that gr B{Y, F, t/j, C) ^ /C#lk^F for some 

homogeneous left coideal subalgebra /C C *B2(X, g). Recall that /C is identi- 
fied with the subalgebra of gr B{Y, F, ip, ^) given by 

{a G gvA{Y,F,^j,0 : (id 7r)A(a) G 

See [MH Proposition 7.3 (3)]. In loc. cit. it is also proved that the compo- 
sition 

gr B{Y, F, V, }C#^^F A gr B{Y, F,^,0, 

is the identity map, where 6 :% ^ ^2(-'^5 : gr F, "0) ^ I^i/)-^ are 
the canonical projections and /x is the multiplication map. Both maps are 
bijections and since for any I G y, {6®tt)\{iii) = xi, then /C = /Cy. 

5. Let /3 : B{Y,F,ij,0 ^ fi(y', F', t/'', be a comodule algebra iso- 
morphism. The restriction of /3 to B{Y, F, ip, induces an isomorphism 
between k^F and k^/F', thus F = F' and 'ip = ip' . Since /3 is a comodule 
morphism it is clear that y = y' and = for any G £ TZ. □ 

Corollary 7.6. If A{X,G, 1,^) / for some S, satisfying (|7.6p . t/ien 

1. T/ie i^op/ algebras % = ^2{X,q)ip'kG and 'H{Q) are cocycle defor- 
mations of each other. 

2. There is a bijective correspondence between equivalence classes of 
exact module categories overIlep{'H) and Rep (^(Q)). □ 
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Remark 7.7. Under the assumptions in Corollary 17.81 we obtain, in par- 
ticular, that gr^(Q) = 5S2(^, since the latter is a quotient of the 
first. 

The following corollary uses Propositions 18.11 and 18.51 where certain al- 
gebras are shown to be not null. These propositions will be proven in the 
Appendix and their proofs are independent of the results in the article. 

Corollary 7.8. Let H be a non-trivial pointed Hopf algebra over S3 or §4. 
Then H is a cocycle deformation of grH. 

Proof. Finite-dimensional Nichols algebras over S3 and S4 coincide with their 
quadratic approximations. That is, if is a finite-dimensional pointed Hopf 
algebra over S„, n = 3,4, then gi H ^ ^2(^,g)#kS„. By [GGl Main 
Theorem] we know that H = 7i{Q). Therefore, the theorem follows from 
Corollary l7.61 since in Propositions l8.ll 18. 5l we show the existence of non-zero 
(gr^(Q), ^(Q))-biGalois objects in these cases. 

When dealing with Qj^[t] or V[t], notice that condition ^2 = in 
Proposition 18.51 does not interfere with the proof, since, by equation ()7.6p . 
^1, resp. ^2i can be chosen arbitrarily. □ 

Remark 7.9. In |Mal Theorem Al] Masuoka proved that the Hopf algebras 
u(T>, A, fi) associated to a datum of finite Cartan type T> appearing in the 
classification of Andruskiewitsch and Schneider |AS] are cocycle deforma- 
tions to the associated graded Hopf algebras u(T>, 0,0). 

Corollaries 17.61 (1) and 17.81 provide a similar result for some families of 
Hopf algebras constructed from Nichols algebras not of diagonal type. It 
would be interesting to generalize this kind of result for larger classes of 
Nichols algebras. 

7.2. Module categories over Rep('W(Q)). 

Let A be a ?^-comodule algebra with gr^ = /Cy#k^F, for F < Stab/Cy, 
tp G Z2(F,Ik*). Let Z be such that X = Y U Z as sets. Notice that F < 
Stab JCz. 

Lemma 7.10. Under the above assumptions there exists a family of scalars 
^ compatible with {X, F, ij:) such that A ~ B{Y, F, ijj, ^) as comodule algebras. 

Proof. The canonical projection vr : Ai — t- Ai/Aq ~ /Cy(l) = is a 
morphism of ^o-bimodules. Let l : ¥Y — )• Ai be a section of ^o-bimodules 
of TT. Since elements {xi : I G Y} are in the image of tt we can choose 
elements {yi ■ I £ Y} in Ai such that i(xi) = yi for any I ^ Y . It is 
straightforward to verify that 

Kvi) = + gi®yu ejyi = xi{f)yfief, feF,lGY. 

Since gr ^ is generated by elements {xi, Cf : I G Y, f £ F} then A is gener- 
ated as an algebra by elements {yi, ef : I £ Y, f £ F} . 
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Now, let B = A^K-z- Then B has an comodule algebra structure for 
which the canonical inclusion A A®1 C -B is a homomorphism. The 
algebra structure is given as follows. For i & j Z, f F, 

(yj0l)(l(g)yj) = {yi®yj); 

qjiVj^i^Vj - qjiqjt>i jViVj^i®'^ + Ccec<^l, if ^ > J / i, 
(yi(8)l) = <j i>j(^Y\ 

qjd(S>yj:>iyj - qjiqjoijVi^yjoi + Ccec®l, if ^ > J / j, 

(e/«)l)(l(g)yj) = Cf^yj; 
(l®2/j)(e/0l) = xjHf)efmf-^-j- 

Here C stands for the class C G TZ' such that (j, i) S C. Recall that by 
definition = if (^c ^ F. Then the map 

(7.7) m : B ^ AiX^F^if),^), a®x ^ ax 

is an algebra epimorphism. Now, if 

A3 a ^ a(_i)(8>a(o) ^ T-i^A and 

denote the corresponding coactions, define A : i? — )• ^.(^B by A(a(X'x) = 
a(_i)2;(_i)(8)a(o)<^^{o)- It is straightforward to check that A is well defined. 
We do this case by case in the definition of the multiplication of B above. 
For instance, \i i\> j ^ j and i\> j , then we have 

\{l®yj)\{yi(^l) = {gj(^{l®yj) + Xj(^{l®l)){gi(^{yi(^l) + xMmi)) 

= {gj®{l®yj)){9i®{yi®^)) + {xj(^{l®l)){gi®{yi(^l)) 

+ {gj®{myj)){xi(^{l®l)) + (xj«)(l«)l))(xi«)(l®l)) 
= 9j9i'^{'^®yj){yi®'^) + Xjgi(S>{yi^l) 

+ qjiXj^igj®{l(^yj) + XjXi® {1(^1) 
= 9j9i^{qjiyj>i^yj - qjiqj>ijyiyj>i®i + Cc5c«)i) 

+ Xjgi<^{yi<^l) + qjiXj^igj<^{l®yj) 

+ [qjiXjt^iXj — gjj(7j,-|>j jXjXj,-|>j(8'l)®(l(8'l), 

which coincides with \{qjiyjt,i®yj - qjiqjt>ijyiyj>i®^ + Cc5c"8l)- 
Thus, B is an "H-comodule algebra with 

dim B = dim^dim/Cz = dim/Cy dim/Czj-F'l = dim^(X, Fjip,^), 

by Remark 16.111 and then the map m from (j7.7p is an isomorphism. □ 

We can now formulate the main result of the paper. For any /i S G, we 
denote = £,h-^ c- Recall that we denote by B{Y, F, ^/;, ^) the sub-comodule 
algebra of A{X, F,ip,$,) generated by {yi}i£Y- 
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Theorem 7.11. 1. Let M. be an exact indecomposable module category 
over Rep{Ti{Q.)) , then there exists 

(i) a subgroup F < G, and a 2-cocycle iJj € k^), 

(ii) a subset Y d X such that F -Y CY, 

(iii) a family of scalars {(,c}ceTl' compatible with {X,F,tp), 
such that there is a module equivalence A4 — B{Y,F,ii>,()-M.. 

2. Let {Y,F,ip,S,), {Y' , F' ,ip' be two families as before. Then there 
is an equivalence of module categories i3(Y,F,'tp,^)-M. ^ H(y',F',v',?')-^ 
if and only if there exists an element h € G such that F' = hFh~^ , 
^1 ^^h^Y' = h-Y and f = Sj" . 

Proof. 1. By Corollary 17.81 we can assume that M is an exact indecom- 
posable module category over grT-L(Q) = H. It follows by [AMI Theorem 
3.3] that there is a right ?^-simple left ?^-comodule algebra A such that 
Ai ~ A-M.. Theorem 13.21 implies that there is a subgroup F < G, a 2- 
cocycle tp G Z^(_F, k^) and a subset Y C X with F -Y C Y such that 
gr^ = /Cy#k^F. Here ^0 = k^F. Then the result follows from Lemma 

Eiol 

2. Assume that the module categories b{y,f,^Ij,^)'^^ B(Y',F',jp',^')'^ 
equivalent, then Theorem 14.21 implies that there exists an element h ^ G 
such that B{Y',F',ijj',^') ~ hB{Y,F,ip,^)h~^ as ff-comodule algebras. 

The algebra map a : hB{Y, F,i;,C)h-^ B{h ■ Y,hFh-^ ,1^^ ^S!") defined 
by _ _ 

a{hefh ^) = ehfh-i, a{hyih ^) = Xi{h) Vii-u 
for any / G F, / € y, is a well-defined comodule algebra isomorphism. 
Whence B{Y' ,F' ~ B{h ■ Y,hFh-^,ip'^,C'') and using Theorem ED 
(3) we get the result. □ 

As a consequence of Theorem 17. Ill we have the following result. 

Corollary 7.12. Any Ti-Galois object is of the form A{X, G, tp, ^). 

Proof. Let ^ be a "^^-Galois object. Then a-M is an exact module cat- 
egory over Rep'H. Moreover, aA4 is indecomposable. In fact, otherwise 
there would exist a proper bilateral ideal J C A 'H-stable [AMI Proposition 
1.18]. Thus, can(^(8)J) = can{J^A), what contradicts the bijectivity of 
can. Then, by Theorem 17.111 there exists a datum {X,G,ip,£,) such that 
A^ A{X,G,i;,0- □ 

7.3. Modules categories over «B(C'|, -l)#kS3. We apply Theorem[7TT] 
to exhibit explicitly all module categories in this particular case. In this 
case the rack is 

Oi = {(12),(13),(23)}. 
For each i G O2 we shall denote by gi the element i thought as an element 
in the group S3. We will show in the Appendix that the algebras in the 
following result are not null. Then the next corollary follows from Theorem 

Em 
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Corollary 7.13. Let M. he an indecomposable exact module category over 
Rep(Q3(Oi, -l)#kS3). Then there is a module equivalence A4 ~ a-M. where 
A is one (and only one) of the comodule algebras in following list. In the 
following i,j,k denote elements in O2 and S,,l-t,rj G k. 

1. For any subgroup F C §3, ip G Z'^{F,k^), the twisted group algebra 
k^F. 

2. The algebra A{{i},^, 1) =< Di '■ yf = ^1 >, with coaction determined 

by Kvi) = ^i^'^ + 9i®yi- 

3. The algebra ^({i},^,Z2) =< yi,h : yf = ^l,h'^ = 1,% = -yih > 
with coaction determined by X{yi) = Xj(8)l + gi®yi, A(/t) = gi^h. 

4. The algebra A{{i,j}, 1) =< yuyj : yf = y] = 0, yiyjyi = yjyiyj > 
with coaction determined by X{yi) = a;j(8>l + gi®yi, X.{yj) = xji^l + 
9j®yj- 

5. The algebra A{{i,j},Z2) =< yi,yj,h : yf = y| = 0, /t^ = 1,% = 

—yjh,yiyjyi = yjyiyj > with coaction determined by X{yi) = Xi®\ + 
Qi'^yi, X{yj) = Xj®l + gj^yj, X{h) = gk®h, where k / i, j. 

6. The algebra A{Ol,i,l), generated by {^(12), y(i3), 2/(23)} subject to 
relations 

2 _ 2 _ 2 _ ei 
2/(12) — 2/(13) — 2/(23) — 

2/(12)2/(13) + 2/(13)2/(23) + 2/(23)2/(12) = 0, 

2/(13)2/(12) + 2/(23)2/(13) + 2/(12)2/(23) = 0. 

The coaction is determined by X{ys) = Xs®'\- + gs^ys for any s G Of- 

7. The algebra ^, Z2), generated by {2/(12), 2/(i3)) 2/(23), h] subject 
to relations 

yfl2) = 2/^13) = 2/^23) = '^1' = 1, 

^2/(12) = -2/(12) /i, ^2/(13) = -y{23)h, 
2/(12)2/(13) + 2/(13)2/(23) + 2/(23)2/(12) = 0. 

T/ie coaction is determined by X{h) = g{i2)®h, X{ys) = Xg^'^+gs^ys 
for any s G Of- 

8. T/ie algebra A{0^,^, iJ,,ri,Zs), generated &?/ {2/(12), y(i3)> 2/(23), M 
jeci to relations 

2/(12) = 2/^13) = 2/^23) = = 1' 

^2/(12) = 2/(13)^, ^y(13) = y(23)^, ^2/(23) = 2/(12)^, 

2/(12)2/(13) + 2/(13)2/(23) + 2/(23)^(12) = 

2/(13)2/(12) + 2/(23)2/(13) + y(12)2/(23) = /l^ 

T/ie coaction is determined by X{h) = 5(132) -^(2/«) = x^®! + 
5s<8)2/s, /or any s G Of. 
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9. The algebras ^(Of, ^1 §3) "0); for each ip € Z^(S3,Ik^), generated 
by {y{i2),y(i3)iy{23),eh ■ he S3} subject to relations 

ChCt = ip{h,t)eht, euys = -yhsdh h,t£S3,s£02, 

2 _ 2 _ 2 _ 
2/(12) — ^(13) — 2/(23) — 

2/(12)2/(13) + 2/(13)2/(23) + 2/(23)2/(12) = ^6(123). 

The coaction is determined by X{eh) = h®eh, A(?/s) = x^®! + gs®ys 
for any s £ □ 



8. Appendix: A{Y, F,Tp,S,) ^ 



In this part, we will complete the proofs of Corollaries 17.81 and I7.13t by 
showing that the algebras involved in their statements are not null. 



Proposition 8.1. Let A{Y, FjipjS^) be one of the algebras in Corollary \7.13 
Then A{Y, F, ^, C) / 0. 

Proof. The case y 7^ is clear. Set Y 



Note that each one 



of these algebras is naturally a right kF-module via a t = aet, a G 
A{Y, F,ip,^), t & F. Thus, we can consider the induced representation 
W = A{Y,F,iJ;,^)'S)kFWe, where = k{z} is the trivial kF-module. Let 

B = {l,y(12) , 2/(13) ) 2/(23) , 2/(13)2/(12) , 2/(12)2/(13) , 2/(12)2/(23) , 2/(13)2/(23) , 

2/(12) 2/(13) 2/(23), 2/(13) 2/(12) 2/(23)) 2/(12) 2/(13) 2/(12), 2/(12) 2/(13) 2/(12) 2/(23)} 

and consider the linear subspace ^ of generated by B®z. We show that 
this is a non-trivial submodule in the four cases left, namely F = 1,Z2,Z3 
or S3. In all of the cases, the action of y(i2) is determined by the matrix 



2/(12) 



Now, take F = S3, ip = I. 
respectively, by the matrices: 



0? 
1 





















1 




001 
000 



0000 00' 



000 
0000 
i 00 
0000 
0000 
0000 

0^0 

0100 
0000 
0000 
0001 



000 



e 









e. 



0. 



The action of 6(^2) and 6(13) is determined. 
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~i 













At At 
0000 
0000 
0000 
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1 
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0000 
0000 
0000 
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-1 
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000 
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000 
00-1 
010 
000 
000 
000 
000 
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At 
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-At -At 
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-1 


-1 







-1 
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The action of 6(23) is given by 6(12)6(13)6(12). Finally, we use computer 
program Mathematica© to check that these matrices satisfy the relations 
defining the algebra on each case. 

We deal now with a generic 2-cocycle Tp € Z^(S3,lk^). Let us fix ^ = 
AiY,F,l,C), A' = A{Y,F,'iIj,^). Also, set U = /Cy#kF, U' = /Cy#Ik^F. If 
ip € Z'^{U) is the 2-cocycle such that ijjp^p = ip, see Lemma |4.H it follows 

that U' = [/^'. Now, as A is an [/-comodule algebra, isomorphic to U as 
[/-comodules, it follows that there exists a 2-cocycle 7 G Z'^iJJ) such that 
A = , see [Mot Sections 7 & 8]. It is easy to check then that A' = -yU', 
by computing the multiplication on the generators, and thus A' ^ 0. □ 

To finish the proof of Corollary [721 we present three families of non trivial 
algebras A{X, G, 1, ^), for X = O2, G = S4 and certain collections of scalars 
{Cc}ce7^' satisfying i^^. We show A{X,G,l,0 7^ in Proposition [831 

Definition 8.2. Let G Z2(S4,lk^), a,/3 G k. 

1. A'^^{a,l3) is the algebra generated by {yi,eg : i G 0^,5 G §4} with 
relations 

61 = 1, BrCs = ip{r,s)ers, r, s G S4, 

eg yi = sgn{g) yg.i eg, g G S4, ^ S , 

y(i2) =al, 

y(12)y(34) +2/(34)2/(12) = 2a6(i2)(34), 
y(12)y(23) + ^(23)2/(13) + 2/(13)2/(12) = /3 6(132). 

2. ^^(a, /3) is the algebra generated by {yi,eg : i G Of,g G S4} with 
relations 

61 = 1, eres = 'ip{r,s)ers, r, SGS4, 

6g 2// = sgn(5) yg.i eg, g £ §4, I £ Oj, 

2/^1234) = "6(13) (24), 

2/(1234)2/(1432) + 2/(1432)2/(1234) = 2a 1, 

2/(1234)2/(1243) + 2/(1243)2/(1423) + 2/(1423)2/(1234) = 6(132) • 

3. A^{a,f3) is the algebra generated by {yi,eg : i G ©2' 2/ ^ ^4} with 
relations 

61 = 1, 6r6s = V(^s)6rs, r, S G §4, 

egyi = Xl{9)ygieg, 5 G §4, ^ G of, 

2/^12) = "1' 

2/(12)2/(34) - 2/(34)2/(12) = 0, 

2/(12)2/(23) - 2/(23)2/(13) - 2/(13)2/(12) = /3 6(132). 
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Remark 8.3. Let Q = Q'^[t]. It is clear ^^^(a,/3) ^ A{0^, 84,1/^,0 for the 
family ^ = {^c}c€Tl where = di if ^ = 1,2,3, is constant in the classes 
C with the same cardinality \C\ = i and where in this case ^1 = a, ^2 = 2a, 

e3 = /3. 

Analogously, if Q = Q^t], A^{a,f3) is the algebra S4, V', ^ov 

certain family ^ subject to similar conditions as in the previous paragraph. 
The same holds for Q = V[t], ^^(a,/3) and ^(Ol, S4, V^, 6- 

Recall that there is a group epimorphism vr : S4 — )• S3 with kernel H = 
((12)(34),(13)(24),(23)(14)). Moreover, 7r(0|) = Let Q be one of the 
ql-data from Subsection 15.41 for n = 4. 

Lemma 8.4. Let Q as above. Take 7 = i/ Q = Q4^^ ■ Then there is an 
epimorphism of algebras 'H{Q) — » T~L{Q^'^[X\) . 

Proof. Consider the ideal I in 7^(Q) generated by the element iJ(i2)-ff(34) — 1, 
and let C = n{Q)/I. We have 

-f^(14)^(23) = ad (i/(24))(i/'(i2)^^(34)) SO -ff(i4)//(23) = 1 in 

«(34) = ad(i?(i4)i7(23))(ai2) so 0(34) =0(12) in Z^. 

Analogously, if(i3) = i7(24), 0(14) = ^(23) and 0(24) = 0(13) in ^- Since, 
for this ql-data, the action • : S4 x X — t- X is given by conjugation and 
g' : X — > §4 is the inclusion, relations (j5.6p and (|5.7p in the definition of 
T~L{Q) are satisfied in the quotient. It is now easy to check that the quadratic 
relations ()5.8p defining 'H{Q) become in the quotient the corresponding ones 
defining the algebra 'H{Q^^[X\). □ 

Proposition 8.5. Assume that (Y,F,tp,^) satisfies 

(i) Cc, = ^c,, Vz,i G Y. 

If Q ^ Q^{^) assume in addition that 

(ii) if i,j eY, i[> j = j and {i,j) G C then = 2^i. 
Then the algebra AiY., F, -0, ^) is not null. 

Proof. Assume first that ip = 1. Now, given a datum (Y,F,^lJ,^^), 7r{F) < S3 
and it is easy to see that ^{Y) is a subrack of Of. Moreover, it follows that 
^ is compatible with the triple (7r(y), 7r(F), Then we have the algebra 
^(7r(y), 7r(F), ■0, ^). As in Lemma 18.41 it is easy to see that if we quotient 
out by the ideal generated by (e/e^ : fg~^ G A''), then we have an algebra 
epimorphism A{Y,F,tp,S^) A{TT{Y),'ir{F),ip,(^). As these algebras are 
non-zero by Proposition 18. 11 so is A{Y, F,^p,^^). 

Notice that in the case in which (Y, F, tp, (^) is associated with the ql-datum 
Q^iX), assumption (ii) is not needed, since the first equation in Definition 
17.11 implies that, if i,j G Y are such that i \> j = i and C G 7^' is the 
corresponding class, then ^(7 = and this relation is contained in the ideal 
by which we make the quotient. 

The case "0 7^ 1 follows now as in the proof of Proposition 18.11 □ 
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